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Abstract—In the classical St Venant flexure solution all differential equations and certain boundary
conditions are satisfied exactly, while other boundary conditions are satisfied approximately only.

In this note an alternate solution to the flexure problem is considered, in which the components
of stress which do not act over the end sections of the beam are again set identically equal to zero,
the same as in the St Venant solution. However, in place of St Venant’s exact satisfaction of the
stress—strain differential equations we now associate the approximate satisfaction of boundary
conditions with an approximate satisfaction of the stress—strain relations, via use of the principle
of minimum complementary energy.

The possible applications of the foregoing results are illustrated by the solution of two problems
concerning the effect of transverse shear deformability and of end section warping constraint on
deflection and shear center location for a circular and a semi-circular cross-section cantilever,
respectively.

INTRODUCTION

In what follows the problem of flexure is understood to be the problem of a prismatical
beam which is fixed at one end and transversely displaced at the other end, within the
framework of the linear theory of elasticity.

The classical approximate solution of this problem by St Venant consists of an exact
satisfaction of the differential equations, and of the traction conditions over the cylindrical
boundary portion, by way of a “semi-inverse” procedure in which all components of stress
which do not act over the plane end-surfaces are assumed to vanish identically. With this
the only conditions on the solution of the problem which are not satisfied exactly are the
boundary conditions for the two end sections of the beam.

Among the specific problems for which use of the St Venant flexure solution is associ-
ated with ambiguous results are the problem of determining transverse shear corrections
for deflections in accordance with the “elementary” theory of beams, and the problem of
determining the coordinates of a point in the cross-section which is appropriately designated
as the center of shear of the cross-section.

We are concerned in this note with extensions and simplification of earlier con-
siderations of the two indicated specific problems in Nair and Reissner (1975), Reissner
(1979, 1983) and Reissner and Tsai (1972), based on an idea that in conjunction with the
use of St Venant’s semi-inverse stress assumptions there are advantages in associating the
non-exact satisfaction of end-section displacement boundary conditions with a suitable
non-exact satisfaction of the differential equations involving components of displacement.

THE BOUNDARY VALUE PROBLEM

We consider a body bounded by a cylindrical surface f(x,y) =0 and by planes
z =0 and z = L. We stipulate that the differential equations of the problem are the three
homogeneous equilibrium equations

Oxx + Txy,y + Tyzz = O’ cers Tazx + Tyz,y + G, = 0 (1)

in conjunction with six stress displacement equations
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in terms of a complementary energy function which here is assumed to be homogeneous of
the second degree in o,,1,,,...,0..

The boundary conditions for the system (1) and (2) consist of three conditions of absent
tractions over the surface f* = 0, together with three conditions of absent displacements over
the surface z = 0, and of three conditions of loading in the mixed form

z=L; u=U, v=V, 0,=0 3)

with U and V as given constants.
The problem as stated is equivalent to the Minimum Complementary Energy vari-

ational equation
5Jj[JWdz~(Urxz+ Vryz)z=L:] dxdy =0 )]

with the equilibrium differential equations and the traction boundary conditions as
constraints, and with the stress displacement equations and displacement boundary con-
ditions as Euler equations.

In connection with this problem we are here interested, in particular, in the values of
the two transverse force components

P= frﬂ da, Q= J‘L'yz da &)
and in the value of the axial moment component, or torque
T= ‘[(xry_, —y1,.) da, (6)

where here and in what follows {da = [ [dx dy.

A RAYLEIGH-RITZ TYPE SOLUTION BASED ON THE ST VENANT STRESS ASSUMPTIONS
We begin with the St Venant assumptions

g,=0, 1,=0, 6,=0 N

for his solution of the problem of flexure and use the constraint conditions in (1) and (3)
in order to obtain as expressions for the remaining components of stress

T = T (X, y)7 Ty: =Ty (xa y)’ g: = (L - Z) (Tx.x + Ty.y) . (8)

The expression for W is, in the present context,

&)

where we here stipulate that the six denominators are given functions of x and y with the
restriction that W be positive definite.

With (8) and (9) the St Venant solution of the flexure problem is based on an exact
satisfaction of (2), subject to the special case assumption
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with G and E being independent of x and y. As a consequence of these assumptions it then
follows that o, comes out in the form (4,+ 4 ,x+ A,y)(L—z), with suitable constants A4,,
and that it is not possible to satisfy the prescribed displacement boundary conditions exactly.

In what follows we do not attempt an exact satisfaction of (2) but rather associate
the approximate satisfaction of displacement boundary conditions with an approximate
satisfaction of (2), through use of the variational equation (4) in conjunction with eqns (8)
and (9).

The introduction of (8) and (9) into (4) leaves, upon carrying out the integration with
respect to z, the two-dimensional variational equation

2 2 T, L2 . 2 U V
5f[r o B P Cetn,) L (r”+r”)( ’Y> er—zry]da=0,

2G, 26, G, 3 2FE E, E
(1)
with the boundary condition
f=0; t.dy—1,dx=0 (12)
as the only constraint condition.
The Euler equations for (11) come out in the form
o 1, Lttt Lt.+t, Lt 1 _U
G.76., 3( E )72 E 2\&TE)TL (13a)
. Lttt  Litutr, L < w5\ _V
6,76 3 ( E JY27E "2&7E)°T (136)

We do not, in this account, concern ourselves with the solution of these equations in
their generality, but will instead obtain a reduction of the problem to a single second order
differential equation for the case of orthotropy.

REDUCTION TO ONE SECOND ORDER DIFFERENTIAL EQUATION FOR
ORTHOTROPIC BEAMS

Setting G,, = E, = E, = o0 the system (13a, b) reduces to

T L_2<‘L'x,x+ry,y) U 5, L7 <1x,x+1y,y R4 14
G, 3 E ). L G, 3 E ), L (14)

Upon the appropriate differentiation with respect to x and y we deduce from this the

relation
Yy (&) -
&)-@).-o 09

which implies as expressions for 7, and 1, in terms of a function ¢ ;
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Ty = Gx¢.xs T, = Gy¢.y' (16)

The introduction of (16) into (14) and subsequent integrations with respect to x and y leave
as one differential equation for ¢

L (Gb)u+ Gy, UV C
*=3 E =pstot L a7

In view of the fact that, necessarily,

Ja_. da=(L—2) J‘(r” +1,,)da=0 (18)

we deduce from (16) and (17) as a relation for C

LJ({)EddzfoEda+ijEda+CJEda (19)

and the boundary condition for ¢ follows from (16) and (12) in the form
f=0: G.p.dy—G,p,dx=0. (20)

The force and torque expressions in (5) and (6) become
P= JG"¢"‘ da, Q= JVG},d)‘_V da, (21a)

T= J(XG@._V —yG.¢,,) da. (21b)

With reference to the solution of (17) it is of importance to observe that with rep-
resentative constant moduli G, and £, and with / as a representative linear dimension in
the cross-section it is possible to expand the function ¢ in powers of a parameter
(Eo/Go)(b?/L*) with the leading term of this expansion being determined by (17) without
the ¢-term on the left. It turns out that retaining this ¢-term is required in connection with
the determination of transverse shear deformation effects for the results of the “clementary”
theory of bending, as well as for the results concerning the location of a center of shear.

As far as the evaluation of the integrals in (21) is concerned we have that as a
consequence of the relation

J(x, y)o.da = (P,Q)(z—L1) (22)
it is possible to transform (21a) into
(P,Q)=3L""* j(x,y)(Ux+ Vy+C—LH)E da. (23)

While there appears to be no analogous transformation for (21b) it is possible to
deduce from (21b) a generalization of a formula for T in terms of the warping function
of St Venant torsion as determined for the present case with variable G, and G, by the
boundary value problem:
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(Gxx,x),x + (ny,y),y = ny,x - XGy,y9 (24)
f=0; Gx,.dy—G,x,dx =yG,dy—xG,dx. (25)

A use of Green’s theorem, in the form
[{[(GXXX)X + (ny,y),y]q5 - [(Gx¢.x),x + (Gy¢y)y]X} da

= 3€ [¢(Gx. dy—G,y, dx) —x(G.¢ . dy—G,¢,dx)] (26)

in conjunction with the use of (17), (20), (24) and (25) makes it possible to transform (21b)
into

T= 3L3J(Ux+ Vy+C—Ld)yE da 27)

with this formula being equivalent to the result in Trefftz (1935) upon omitting the additive
term L¢.

We finally note that in place of the variational equation (11) with G,, = E. = E, = ®©
and with the constraint condition (12) it is evidently possible to state a variational equation
for ¢, without constraint boundary conditions, in the form

5ﬁ@ﬁ+@ﬁﬁﬂﬂ2&—@U%W+W+QM@=Q (28)

It remains to establish the possible advantages of (28) in comparison with (11) in connection
with their use for the purpose of finite element calculations.

THE SHEAR CENTER PROBLEM

Given that the torque T as in (6) may be considered to be caused by forces P and Q
with lines of action y, and x, we ask for the values of x, and y, such that the end cross-
section translates, without rotating, in accordance with (3). We designate the point of
intersection of these distinguished lines of action as the Center of Shear and write xg, ys
for the coordinates of this point, in place of x,, y». We have then as the relation defining
Xs5 Vs>

T = xsQ—ysP. (29)

From the linearity of the boundary value problem (1)—(3) and the defining relations
(5) and (6) it follows that the expressions for P, Q, T in terms of U, V will be of the form

(P,Q,T) = (Kou, Kous Kr) U+ (Kpy, Koy, Kpy) V (30)
with the values of the stiffness coefficients K depending on the solutions of the boundary
value problem (1)-(3), with ¥ = 0 or U = 0, respectively.

The introduction of (30) into (29) leads to the relation

(Krv—xsKpy +ysKou) U+ (Kry —XsKpy + ysKoy)V = 0. (3D

Inasmuch as (31) has to hold identically in U and V there follows as a system of two
simultaneous equations for xg and yg
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Kpyxs—Kouys = Kry, Kpyxs—Kopys = Ky (32)
Remark
The results in accordance with (32) are equivalent to results which have been obtained
in Reissner and Tsai (1972) and Reissner (1979) on the basis of a more general boundary
value problem with u = U—y@®, v = V+x@ in (3). For this more general problem it is
possible to obtain expressions for x5 and yg in terms of flexibility coefficients rather than

stiffness coefficients which are of a simpler appearance than the corresponding stiffness
coefficient relations.

POLAR COORDINATE SOLUTIONS FOR UNIFORM ORTHOTROPIC BEAMS

With G, = G, = G and G = const. and with x =rcos 8, y =rsin 8 and G¢ = ¢ we
may write in place of (16)

T, = l//,ra Tg = r- I‘p,ﬂa (33)

and in place of (17)

3E 3E
Vi — = ~ 73 (Urcos 0+ ¥rsin 6+0), (34)

cZV =

where V2 = ( ), +7r"'( ), +r"2( ) - In association with this we write (19) and (23) in the
form

ij(Urcos 8+ Vrsin 9+C)rdrd0=ij¢rdrd0 (35)

cos ) L
< ) Jj‘(m 0)(UrcosO+Vrsm6+C__G«‘I,)Erzdrd9. (36)

Furthermore, we write in place of (21b)

T= j ergr dr df = J‘sz/ﬁr drdé. (37

In restating the boundary condition (20) we will limit ourselves to the case of a ring
sector cross-section r; < r € ry, —a < 8 < o for which this condition takes on the form

and

Y (ri,0) = Y, (ro.0) = Y o(r, —o) = Y o(r,a) = 0. (38)
The third and fourth relations in (38) indicate that solutions of (34) can be taken as

i Jo(r)sin gﬁ;— — 8+g,(r) cos e 9 39

It is evident that upon introducing on the right of (34) the expansions

2
sinf =Y a,sin n;— Ef} cosi?:Zbﬁcos?G (40)

and upon assuming that £ = E(r) the functions f, and g, will be solutions of uncoupled
ordinary second order differential equations. Cases of particular simplicity are given when
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U=C=0, a=n/2; ap=1, a,=0, n=1,2,..., (41a)
V=0, a==n; by=1 b,=0, n=0,23,... (41b)

THE SHEAR CENTER PROBLEM FOR A SEMI-CIRCULAR CROSS-SECTION

We have for this problem U = C = 0, and then from (35) and (39) thaty = f,(x) sin 0
where

1 1 3E 3EV
fﬁ+;fb—<p+ﬁi>fo=—7r- (42)

If we assume from now on that E = const. then the solution of (42) is, in terms of modified
Bessel functions,

G 3E(r, ¥
f0=clll<ﬁ;%>+CZKl<ﬂé>+LVr’ ﬁ2=€<rz>’ (43)

with the constants ¢, ¢, following from the remaining conditions in (38).
A further limitation to the case r; = 0 makes ¢, = 0 and

<L R (ﬂr/ro)> n o 44

Ty
v=0ry ro BI'\(B)

L

The introduction of (44) into (36) and (37) gives

73 ! Il(ﬂp)pz
¢= 3”EVL3L (” BB > I @
and
3 e [, LBpp
r= 2GVLL (” =B ) ) a. (46)

where p = r/r,. With this we obtain on the basis of (29) as an expression for the shear
center coordinate, with yg = 0:

j [1'(B)—1,(Bp)/Bplp* dp

Xs T 2 Jo

Xo Qxg [ ' (47)
J [211(B)—1,(Bp)/Bplp’ dp

0

Given the form of the expression for 8 we expect that (47) should reduce, in the limit of
vanishing §, to the known result (xs/xo),,.-o = 8/57. An evaluation of (47) in the range
of relatively small values of § leads, with the help of the expansion

LB =:B+16B+ 33+ (48)

to the following approximate result :



462 E. REISSNER

o dlere 8 (0 "
xo  Sm 1428%3 5z 216G L) (49)
For an isotropic beam with £ = 2(1+v)G and with aspect ratio L/2r, = 5 the term inside
the parentheses in (49) is given approximately by 1—(1+v)/30.

Remark

While the special case f = 0 of the above result is readily deduced directly on the basis
of (34) without the second term on the left we note that within the framework of the analysis
in Reissner and Tsai (1972) the center of shear comes out to be coincident with a center of
twist for which analytical and numerical results for the limiting case f = 0, can be found
in Tsai (1972) for the entire class of uniform isotropic circular ring sector cross-section
beams.

THE ADDITIONAL DEFLECTION DUE TO TRANSVERSE SHEAR FOR A UNIFORM
CIRCULAR CROSS-SECTION BEAM

We now stipulate V' = 0 and o« = #, with C = 0 on the basis of (35), and with g, in
(39) the same as f, in (43). With this we have now

rofr 11(ﬁ’/"0)>
=GU—<——,— cos 6. 50
AN A 0
The introduction of (50) into (36) results in the force—deflection relation
P rt J [ ( Il(ﬁp)> ] rs L)
= T[E — 3_ —_ 2 d = 7'CE — . 51
T =8 % L\ ATl e AN AT b

With a bending stiffness factor B = nErg/4, with I1(B) in accordance with (48), and with
L(B) = B?*/8+ B*/96+ - - - (51) gives an approximation for the deflection of the loaded end
of the beam:

PL® 1+3p°/8+ -~ PL® E rg
3 +3B7/84 - ( 7 r0>. 52)

T 3B 1+p%12+--- 3B\ 8GL?

The shear correction term in (52) may be compared with a corresponding term
(6E/5G)(ro/L)? for the plane stress problem of a narrow rectangular cross-section beam,
as discussed in Nair and Reissner (1975).
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